In this paper, we prove the generalized Hyers-Ulam stability for the following additive-quadratic functional equation f (2x + y) − f (x + 2y) + f (x − y) − f (y − x) − 3f (x) + 3f (y) = 0 in paranormed spaces by using the fixed point method.
Introduction and Preliminaries
In 1940, S. M. Ulam proposed the following stability problem (cf. [16] ): "Let G 1 be a group and G 2 a metric group with the metric d. Given a constant δ > 0, does there exist a constant c > 0 such that if a mapping f : G 1 −→ G 2 satisfies d(f (xy), f (x)f (y)) < c for all x, y ∈ G 1 , then there exists a unique homomorphism h : G 1 −→ G 2 with d(f (x), h(x)) < δ for all x ∈ G 1 ?"
In the next year, Hyers [8] gave a partial solution of Ulam , s problem for the case of approximate additive mappings. Subsequently, his result was generalized by Aoki ([1] ) for additive mappings, and by Rassias [14] for linear mappings, to consider the stability problem with unbounded Cauchy differences. During the last decades, the stability problems of functional equations have been extensively investigated by a number of mathematicians ( [2] , [3] , [4] , [7] , and [12] ).
The concept of statistical convergence for sequences of real numbers was introduced by Fast [6] and Steinhaus [15] , independently. This notion was defined in normed spaces by Kolk [11] .
P (x + y) ≤ P (x) + P (y)(triangle inequality), and (PN4) if {t n } is a sequence of scalars with t n → t and {x n } is a sequence in X with P (x n − x) → 0, then P (t n x n − tx) → 0 (continuuity of multiplication). The pair (X, P ) is called a parpnormed space if P is a paranorm on X. A paranorm P is total if (PN5)P (x) = 0 implies x = 0. A Fréchet space is a total complete paranormed space.
In this paper, we prove the generalized Hyers-Ulam stability for the following additive-quadratic functional equation
in paranormed spaces by using the fixed point method.
2 The Stability for (1.1) 
in Paranormed Spaces
In this section, we prove the generalized Hyers-Ulam stability for (1.1) in paranormed space. For any mapping f : X −→ Y , let
In ( [10] ), the authors proved the following lemma. 
for all x, y ∈ X, a fixed nonzero rational number a and fixed real numbers b, k with a 2 = b 2 .
Using this, we can show the following theorem: Proof. By (1.1), we have
for all x, y ∈ E. Letting y = y − x in (2.1), since f e is even, we have
for all x, y ∈ X. Letting y = −y in (2.2), we have
for all x, y ∈ X. By (2.2) and (2.3), we have f e (x+2y)+f e (x−2y)−2f e (x)−8f e (y) = 4[f e (x+y)+f e (x−y)−2f e (x)−2f e (y)]
for all x, y ∈ X and by Lemma 2.1, f e is quadratic. Since f o is an odd mapping, by (1.1), we have
for all x, y ∈ X and letting y = −x − y in (2.4), we have
for all x, y ∈ X. By (2.4) and (2.5), we have
for all x, y ∈ X and letting y = −y in (2.6), we have
for all x, y ∈ X. By (2.6) and (2.7), we have
for all x, y ∈ X and hence f o is additive. Thus f is an additive-quadratic mapping.
Isac and Rassias [9] were the first to provide applications of stability theory of functional equations for the proof of new fixed point theorems with applications.
Theorem 2.3 [5]
Let (X, d) be a complete generalized metric space and let J : X −→ X be a strictly contractive mapping with some Lipschitz constant L with 0 < L < 1. Then for each given element x ∈ X, either d(J n x, J n+1 x) = ∞ for all nonnegative integers n or there exists a positive integer n 0 such that
Recall that for any paranormed P on X, P (2x) ≤ 2P (x) for all x ∈ X. for all x, y ∈ Y and some L with 0 ≤ L < 1 and f : Y −→ X such that
for all x, y ∈ Y . Then there exists a unique additive-quadratic mapping F :
for all x ∈ Y , where ψ(x, y) = φ(x, y) + φ(−x, −y).
Proof. Consider the set S = {g | g : Y −→ X} and the generalized metric d on S defined by
Then (S, d) is a complete metric space([13]
). By (2.9), we have
for all x, y ∈ Y . Letting y = 0 in (2.11), we get
for all x ∈ Y and so
x) for all g ∈ S and all x ∈ Y . Let g, h ∈ S. Suppose that T o (g − h) ≤ c for some non-negative real number c. Then we have
for all x ∈ Y and so d(
for all x ∈ Y . Moreover, by (2.12) and (4) in Theorem 2.3, we obtain
for all x ∈ Y . Replacing x and y by 1 2 n x and 1 2 n y in (2.11), respectively, we have
for all x, y ∈ Y and letting n → ∞ in (2.14), we get
for all x, y ∈ Y .
By (2.9), we have P (f e (2x + y) − f e (x + 2y) − 3f e (x) + 3f e (y)) ≤ ψ(x, y) (2.16)
for all x, y ∈ Y . Letting y = 0 in (2.16), we get
for all x ∈ Y . Define T e : S −→ S by T e g(x) = 4g(
x) for all g ∈ S and all x ∈ Y . Let g, h ∈ S. Suppose that T e (g − h) ≤ c for some non-negative real number c. Then we have
for all x ∈ Y and so d(T e g − T e h) ≤ Ld(g − h). Thus T e is contractive. By (2.17), d(f e −T e f e ) ≤ L and by Theorem 2.3, there is a mapping Q : Y −→ X such that Q is a fixed point of T e and lim n→∞ 4 n f (
for all x ∈ Y . Moreover, by (2.17) and (4) in Theorem 2.3, we obtain
for all x, y ∈ Y and letting n → ∞ in (2.19), we get
for all x, y ∈ Y . Let F = A + Q. Since A is odd and Q is quadratic, by (2.15) and (2.20), F is a solution of (1.1). By Theorem 2.2, F is an additive-quadratic mapping. Note that the following inequality
holds for all x ∈ Y . Hence by (2.13) and (2.18), we have (2.10).
To prove the uniquness of F , let G : Y −→ X be another additive-quadratic mapping with (2.10). By (2.10), we get
for all x ∈ Y . Since F o and G o are fixed points of T o , we have
for all x ∈ Y and for all n ∈ N. Hence F o = G o and similarly, F e = G e . Thus F = G. We can use Theorem 2.4 to get a classical result in the framework of normed spaces. for all x, y ∈ Y and for some real number p with 1 < p. Then there is a unique additive-quadratic mapping F : Y −→ X such that
for all x ∈ Y .
